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Semiparametric Estimation of AUC from
Generalized Linear Mixed Model

Okeh UM ® & Oyeka ICA °

Abstract- Methods of evaluating the performance of
diagnostic tests are of increasing importance in medical
science. When a test is based on an observed variable that
lies on a continuous scale, an assessment of the overall value
of the test can be made through the use of a Receiver
Operating Characteristic (ROC) curve. The ROC curve
describes the discrimination ability of a diagnosis test for the
diseased subjects from the non-diseased subjects. The area
under the ROC curve (AUC) represents the probability that a
randomly chosen diseased subject will have higher probability
of having disease than a randomly chosen non_diseased
subject. Semi-parametric being a ROC curve estimation
method is widely used in making inferences from diagnostic
test results that are at least measurements on ordinal scale. In
this paper, we proposed a method of semi-parametric
estimation in which predicted probabilities of discordant pairs
of observation are obtained from generalized linear mixed
model (GLMM) and used in modeling ROC and AUC. The
AUC obtained which is time dependent is equivalent to the
Mann-Whitney statistic (Hanley and McNeil, 1982) often
applied for comparing distributions of values from the two
samples. The proposed methods are illustrated using data on
women at risk for gestational diabetes mellitus. Result
indicates that varying cutoff values for screening pregnant
women exists for different time period while an optimal cutoff
value is recommended for screening all women at risk for
GDM given that the procedure yielded smooth ROC curves.
The predicted probabilities obtained from GLMM method has
a high statistical efficiency since for all the trimesters, there
exists  statistical significance. This study therefore
demonstrated that the semi parametric GLMM method
provided reliable, unbiased, and consistent estimates for the

ROC(.) = {(FPR(c), TPR(c)),c & (—», o)}

The accuracy of ROC is summarized by the AUC given as

1
AUC = P(X >Y) = [, ROC(t)dt.

This is the probability that a randomly chosen
diseased subject will have higher probability of having
disease than a randomly chosen non-diseased subject.

Since different estimation methods can provide

a span of estimated AUC values on the same data set,

Author o Deparment of Industrial Mathematics and Applied
Statistics, Ebonyi State University, Abakaliki ,Nigeria.

email: uzomaokey @gmail.com

Author o : Department of Statistics, Nnamai Azikiwe University Awka,
Nigeria.

parameters while the AUCs are all statistically significant. The
computations are supported by SAS version 9.0.
Keywords:  AUC, ROC, GLMM, GDM, semi-parametric,

mann-whitney.
. [NTRODUCTION

n health studies, the diagnosis of a patient are very

often based on some classification errors calibrated

based on the sensitivity and specificity. An individual
presenting for a screening test for a disease, is
discriminated based on a cut-off value ¢ whether he/she
is healthy or diseased when test results are
measurements on at least the ordinal scale. Many
procedures exist for estimating the accuracy of test
measurements such as the parametric, nonparametric
and semi-parametric methods and their associated
summary measures. In this paper, we will propose a
semi-parametric regression type method of obtaining
predicted probabilities from the Generalized Linear
Mixed Model (GLMM) and using them to model the
receiver operating characteristic (ROC) curve and area
under the ROC curve(AUC) for continuous binary test
results that are time dependent.

Suppose Y and X denotes the test result of
subjects with and without disease respectively. Let ¢ be
cut-off value. Then P(X > ¢) = G(c) and P (Y > ¢)= F(c)
where F(c) is sensitivity and 1-G(c) represents
specificity. Therefore ROC is a plot of F(c) versus G(c)

for all possible thresholds, c. In terms of TPR and FPR
atc,

@

(2)

their properties are always examined in order to provide
a recommendation as to the preferred approach.

Dorfrman and Alf (1969) proposed a parametric
iterative method for obtaining the maximum likelihood
estimates of the parameters of a bi-normal ROC curve
to model ordinal data. They assumed that test results for
the diseased (X) and non-diseased (Y) populations are
normally distributed respectively as
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X [ N(,ux,ai)andYD N(,uY,Gf).

While parametric binormal ROC curve is given as

ROC(t) = ®(a+bd'(t)),0<t<1

where a =

O «
Here a and b are parameter estimates which
gives the statistical inference while denotes the

AUC — P (ﬂx_ﬂv)

A — L& b —

Reiser and Faraggi(2002) and Goddard and
Hinberg (1990) proposed the transformation (say
logarithmically) of test results and making it normal due
to the violation of the normality assumption. They
proposed the transformed normal (TN) approach which
is a parametric estimation method based on the normal
theory. It involves applying a Box-Cox power
transformation (Box and Cox,1964) to the data and
subsequently using the N estimator to the transformed
data.

In general, the problems identified with
maximum likelihood method of estimating parameters in
parametric method is the inability of the parameter

3
(4)

)

O

O

standard normal cumulative distribution function. By
algebraic simplification, the AUC is given as:

a
— - = 6
(D[«/1+b2j @

estimates to quickly attain convergence because it is an
of iterative method. There exists also the restrictive
assumptions of normality or transformation to normality
of the parametric method about the distribution of test
results making the estimates inconsistent thereby giving
a misleading picture of the regression relationship when
the assumption is violated (Pepe,2003).

According to Hanley and McNeil (1982), the
empirical non-parametric method uses the MW statistic
in estimating ROC curves. As usual, they are used when
the normality assumption for test results is violated. Here
AUC is calculated using the MW version of the two-
sample rank-sum statistic of Wilcoxon as

AUC = iig(\ﬁ Y, ) (7
- nng, =1 =2 o
(1if Y >,
+ — 1. + —
where Q (", ):<§|f Y=Y, (8)
(0if V" <Y/

Where are number of subjects that are
diseased and non-diseased respectively.

while is the ith diagnostic test results for the
diseased individuals and is the jth diagnostic test
results for the non-diseased individuals. The AUC just

like the MW statistic is suitable for comparing two
populations (N1 and n0) by taking covariate effects into
account. Equation 8 provides an unbiased estimate
given as.

+ — 1 — +
P(Y" >, )+§P(Yj =Y") (9)
Therefore
AUC =2 3 S P(Y >V )+ 2P(Y, =¥") (10)
r]_ i=1lj=1 2
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In general, nonparametric estimation method
does not yield smooth curve, especially in small
samples (Zou et al, 1998). They models avoid restrictive
assumptions of the functional form of the regression
function. There is also lack of a one to one
correspondence between TPR and FPR values makes
inference awkward (Zou et al, 1998).

AUC; = P(¥° >YP|X;, X))

Where
treatment) group with covariate value and
response in non-diseased (or control)

is the ith response in diseased (or
is the jth
group with

P(Y° >YP|X =X, =X)

Dodd and Pepe applied this model to the GLM
framework which allows one to model the AUC with
covariates, in which case their model can be written as,

g(AUC, )= XA,

where g is a monotone link function such as the
probit or logit link, Xij is a vector function of , and is a

E(1(Y° >Y®)|X;)=AuC,.

Thus, for estimating the parameters in the
model, Dodd and Pepe proposed the use of the logistic
regression model where the response variable is a

No No (1, — AUC,; ) 8AUC,

Dodd and Pepe (2003) proposed a semi-
parametric AUC regression model for data with a non-
normally distributed response variable which can adjust
for continuous and discrete covariates. Assume that one
needs to adjust the AUC for a covariate X, the covariate-
specific AUC can be expressed as

(11)

covariate value Often one is interested in estimating the
AUC at a specified covariate level, i.e.

E Year 2015

. (12)

(13)

vector fixed and unknown parameters to be estimated.
Note that

a4

Bernoulli variable Dodd and Pepe demonstrated that
the estimates of parameters are found as solution to the
usual score equations given by

i i

Where 1 =1 (YiD >Yj5). Therefore, one

obtains this estimate using standard statistical software.

According to Colak et al (2012) as well as
Wolfgang et al(2004),the most preferred method of
estimation is the semi-parametric method because it
combines the flexibility of the nonparametric method
with the advantages accruable to the parametric
procedure in achieving better results. Semi-parametric
(SP) approach is an intermediate strategy between

Y =XpLB+¢&

V(1)

o5 as)

parametric and non-parametric methods for estimating
the ROC curve in the sense that it assumes a parametric
bi-normal form for the ROC curve, but does not assume
that the diagnostic test results follow any particular
distribution. This informed the choice of the method in
this work.

[I.  LINEAR REGRESSION MODEL

A linear regression model by matrix notation is
given as: N

ae)
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Where Y =nx1lis

observations, X :nx(p+1) is a design matrix of

a column vector of

regressors, [ = px1is a column vector of regression

coefficients and £ =nx1 is a column vector of error
term which is independent and identically distributed

such that 5(0,02| ) Note that for linear regression

model, E(Y) = X B is actually the expected probability

f—(xx)"

WhereéD N (é,(X?()‘lo'z)and(XX)‘1 is

the inverse of the nonsingular variance-covariance
matrix.

77 = X[

And inverse link function (g™1) which describes
how the mean, E(Y)z,u depends on the linear

g (77)=

This link function a smooth and invertible
linearizing function which transforms the expectation of
the response variable to the linear predictor . The third

Va (¥)=V (g™ (XB8)=V(g7()

Meanwhile, GLMM is a model extension of GLM
in which the linear predictor contains both fixed effects

Y=n+e=Xpg+2u+¢&

where

y7;

that on the average a randomly selected subject from
the population test or respond positive to the condition

. . . . 2
under study while the variance is given as ol , where

| is an n x n identity matrix. The estimation of B can be
carried out using the least square method by obtaining

,éas the best estimate of B through the minimization of
the sum of squared errors. The result is

XY (A7)

I1I.  GENERALIZED LINEAR MODEL (GLM)

GLM is an extension of the linear regression
model and for modeling binary data, GLM is made up of
a linear predictor given as

as)

predictor thus converting a linear predictor into a mean.
It is given as

a9)

component of GLM is a variance function that describes
how the variance, depends on the mean and it is

(20)

and random effects (McCullagh and Nelder, 1989). In
matrix notation, it is given as

(21)

ud N(0,G);e0 N(O,R); E(u, &) =0; Cov(g,u) =0.

As defined previously forY, Bis a p x 1 column
vector of fixed effects, u is a g x 1 vector of random
effects, e is a n x 1 vector of random error terms, X is the
n x p design matrix for the fixed effects relating to B, Z is
the n x g design matrix for the random effects relating to

V(Y)=ZGZ'+ R

Where Z is a diagonal matrix and A is a
diagonal matrix that contains the variance functions of
the model.

© 2015 Global Journals Inc. (US)

u. The structure of the covariance matrices of G and R
specifies the structure of correlation among the random
effects and error term respectively. The variance of Y for
GLMM is given as:

(22)



IV. THE PROPOSED METHOD

To obtain the predicted probability from GLMM,
we incorporate the time of measurement of binary data

INn L

Wherezzit is the predicted probability of the
positivity of ith randomly selected subject at time t for

for subjects having n observations. Since the binary
logistic model is a linear relationship between the natural
logarithm and the linear component. Then

=iy = Xité +Z, Uy, (23)

i=12,..,nt=12,..T. Here T is total time period
and 13, is the linear predictor for ith subject at time t.
Simplifying equation gives

exit L+Zi ﬂ

44T
1+ e

This estimated predicted probability results from

fitting the values of the parameter estimates of

Xit B+Ziy ﬂ

(24)

,3’ and 0 evaluated through the application of
Henderson (1953) mixed model equations given as

XR X XR 1z Y73 XRY
-1 1 1 = o1 (25)
ZR X Z'R " Z+G u Z'R Y
These estimates are respectively obtained and the solution is given as
A -1 ~ _ A
f=(XVX) XV, 0=GZV 1(Y—Xﬁ) (26)

where V =ZGZ'+ R

V. CONSTRUCTING Roc CURVE

The estimated predicted probability will then
serve as a bio-marker for constructing the ROC curve for
discriminating a diseased subject from a non-diseased
subject longitudinally. The procedure is first to obtain
estimates of sensitivity and specificity from a four-fold
table so as to have insufficient pairs of sensitivity and 1-
specificity that are incapable of producing the actual
ROC curve analysis. To obtain sufficient pairs capable of
generating the actual smooth ROC curve, a series of
pairs of sensitivity and 1-specificity up to the sample
size under consideration (sn(1),1- sp(1)),...,(sn(n),1-

AUC = j ROC (ty , )dt, .,
(@)

This is the ROC value with false-positive rate t
that is associated with the fixed effect predictor X and
random effects predictor Z where the integration limits
run from 0 to 1. Due to the difficult nature of obtaining
the result as seen by other authors (Dorfman et al,1969),
we will alternatively construct AUC based on predicted

sp(n)) is calculated from varying cuts of positivity
escalated by increments of 0.005 in predicted
probability. The ROC curve is created by plotting for n
number of subjects at t time, n pairs of sensitivity and 1-
specificity data points starting with the strictest positive
criterion of 1 to the loosest positive criterion of 0.005.

VI.  ESTIMATING AUC FROM ESTIMATED
PREDICTED PROBABILITY

The AUC is given in a closed form for the
purpose of this study as:

(27)

probabilities from binary measure models, by adapting
the MW method to compare the size of the predicted
probabilities of each discordant pair. This is achieved by
dichotomizing the predicted probability so that two

probabilities given as 7, and (1— 72;) is assumed to
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represent predicted probability of the diseased and non-
diseased responses for the ith subject respectively at
time t for the binary measure design. The MW method is
the choice because under the GLMM framework, there

1
AUC = ——
Ny Ns
Where n,and ng are the numbers of

observed values for the diseased and non-diseased
subjects respectively while t and T are time of test
measurement and total time period of measurement
respectively.

N=ng +Ng

The difference between the AUC given above
and that suggested by other authors such as Hanley
and McNeil (1982) is that here AUC is calculated from
predicted probabilities that are time dependent instead
of test scores. For each discordant pair, ordering of the
corresponding predicted probabilities are compared in
relation to the observed outcome values, and the AUC is
calculated based on these ordering results so as to

Zn:iuit

is no simple closed-form solution of the ROC curve and
the MW method yields ROC estimates with a good
precision. Here the AUC is given as

(28)

i=1 t=1

Also U, is a function comparing the test result

of ith subject with and without disease at time t. The total
number of (discordant pairs) sample observations, n as:

(29)

compare the size of the predicted probabilities of each
discordant pair. In binary measure design, where there
exist complete discrimination of health status, each
subject has two possible mutually exclusive outcomes
either Yes (diseased codedl1) or No (non-diseased
usually coded 0) whose values may vary from time to
time. This is represented as

1 if X, isthetest scoreintheith subject screened at
it timet that tested positive

u. =
O, otherwise
fori=12,...nt=12,...,T

The values of 0 and 1 as outcomes of this
function shows that the subjects health status are well
discriminated (Bernd et al, 2003; Colak et al, 2012).
Evaluation of this function through the ordering
procedure gives the unbiased estimate suitable for use
in calculating the AUC.

VIL.

The data for this study were obtained from the
medical record units of five randomly selected hospitals
in Ebonyi State, Nigeria. The data represents binary test
results of 1114 pregnant women susceptible for
gestational  diabetic  mellitus  (GDM).These are
measurements taken at various time periods
(trimesters).

[LLUSTRATIVE EXAMPLE

© 2015 Global Journals Inc. (US)
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7able 7. Table showing screening test results and final diagnosis using OGTT by trimesters OGTT (Gold standard)

18t Trimester

GDM present =B;

GDM absent= B

2" Trimester
GDM present =B;

GDM absent= B

39 Trimester
GDM present =B;

GDM absent= B

All Trimester
GDM present =B;

GDM absent= B

Test result of | B B Total B B Total B ) Total B B Total

GCT FOR GDM B B B B

Positive ( A) 18 18 36 31 20 51 47 13 60 9% 51 147

Negative( K) 35 230 265 85 255 340 124 238 362 248 719 967

Total 53 248 301 116 275 391 171 251 422 344 770 1114
VIII.  DATA ANALYSIS AND RESULTS roc analysis with their graphs are shown in table 2

The data analysis was assisted using SAS

below.

version 8 software and the results of semi-parametric

Table 2. Results of Semi-Parametric Roc Analysis of The Data

Trimesters

]

st

2nd

3rd

All

Cutoff value of GCT

with max AUC

184

177

179

179

Sensitivity with 95% CI

50.00 (44.35-55.65

60.78 (55.94-65.62)

78.33 (74.4-82.26)

65.31 (62.51-68.1)

Specificity with 95% CI

75.00 (70.71-79.29)

65.75 (61.22-70.27)

74.35 (71.79-76.92)

PPV with 95% CI

(
86.79 (82.97-90.62
33.96 (28.61-39.31

26.72 (22.34-31.11)

27.49 (23.23-31.74)

27.91 (25.27-30.54)

NPV with 95% ClI

— [ — [ =<

92.74 (89.81-95.67

92.73 (90.15-95.3)

94.82 (92.71-96.94)

93.38 (91.92-94.84)

Max. AUC  with 95%

0.684(0.59-0.77)

0.6789(0.61-0.75)

C.l.

0.7204(0.65-0.77)

0.6983(0.66-0.74)

N- 265 340 362 967
D

N 36 51 60 147

’B 1.578 1.446 1.430 1.409

U 1.170 1.007 0.966 0.932

Predicted  Probability( 0.6857 0.7101 0.8234 0.9210

7Ty)

;(Zvalue at one (1) DF and the 95% C.| indicates highly statistically significant relationship(strong degree of

association) between screening test results and state of nature or condition (GDM) for all the trimesters.
For all the trimesters, ROC curve analysis showed that (see Fig.1-Fig 4), results were statistically significant
at p < 0.05 with 95% of C.1.
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[X. DisCussIiON

In the present study the cutoff values of GCT in
1st, 2nd, 3rd, and all trimesters were 184, 177, 179, and
179 mg/dl respectively. These values were higher than
the previous reports obtained outside Nigeria that
recommended the use of 50g GCT level at 130-140
mg/dl for screening of GDM in pregnant women at risk
for GDM between 24-28 weeks of gestation (Friedman
et al, 2006; Berger et al, 2002; Miyakoshi et al, 2003;
Vitoratos et al,1997). Also Vitoratos et al (1997) and
Tanir et al (2005) recommended 126 mg/dl and 185
mg/dl respectively in their study. These are due to
differences in race and nutrition of the populations
involved. This study also showed that semi-parametric
GLMM method provided reliable, unbiased, and
consistent estimates for the parameters and AUC.
Similar results were obtained by Colak et al (2012).

X. SUMMARY AND CONCLUSIONS

ROC analysis revealed varying cut-off values of
184,177, 179 and 179 mg/gl for the I, 2"9.3° and all
trimesters and a common cut-off value of 177 mg/d! is
chosen for screening 50 grams GCT irrespective of the
trimester and is rather suitable for high BMI or obese
pregnancy. These variable cutoff values of 50g GCT for
screening of GDM is because of increasing weight as
pregnancy progresses. Race and nutrition of the
population causes differences in cut-off values of 50g
GCT for screening women at risk for GDM. High values
of NPV such as 92.73-94.82%, indicates the existence of
low false negative. Semi-parametric procedure of
obtaining predicted probabilities from GLMM because
the predicted probabilities of this method have a high
statistical efficiency since for all the trimesters, there
exist statistical significance. These estimators showed
high statistical efficiency. A common cut-off value of 177
mg/dl is recommended for screening 50 grams GCT
irespective of the trimester. Based on the findings in
this study, pregnant women from thirty years of age,
have greater number of risk of getting GDM at their 2™
and 3 trimester than those in their 1st trimester of
gestation age. It is advised that such category of women
should start living healthy life style. Semi-parametric
method is preferred to other methods for estimating
ROC and constructing AUC because it is more superior
in terms of simplicity and accuracy of results It is
therefore recommended.
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